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Abstract The open chain corresponding to the Belayin model is constructed by generalizing 
Skylanin's formalism to the case of the R-matrix with Zm symmetry. 

It is well known that quantum Yang-Baxter equation (QYBE) plays a key role in exactly 
solvable statistical models and integrable field theory. Recently, exact solutions of the 
QYBE have been studied fruitfully [l-51. One way to study exactly solvable statistical 
systems is the quantum inverse scattering method (QISM) which was initiated by Faddeev 
and Takhtajan [ 6 ] .  Skylyanin [7] had solved the open spin-+tl,l~model by generalizing 
QISM to systems with independent boundary conditions on each end. This model with 
proper boundary conditions has the quantum group symmetry of SU,(2) [8,10]. 
Therefore, Skylanin's method can be used to find new exactly solvable statistical 
models with quantum group symmetries. In Skylanin's paper [7], he assumes that 
R-matrices possess the following properties 

where ti denotes transposition in the ith space and id an~identical operator. The p ( u )  
and i ( u )  are some scalar functions. Unfortunately, most of the solutions of QYBE do 
not satisfy Sklyanin's assumption. Mezincescu and Nepomechie [ 9 ]  extended 
Sklyanin's formalism to systems with the PT symmetric R-matrices. The restrictive 
conditions of this generalization are 

PizRiz(U)J'iZ= R?>(u) ( 5 )  
1 

R,,(u)= f'RFZ(-u-~)T1 

R , 2 ( ~ ) R 2 ? ( - ~ )  = p(u)id 

1 I 

R:2MRh(-u -27)M' =;(u+T)id (8) 

0305-4470/93/122989 t06$07.50 0 1993 IOP Publishing Ltd 2989 



2990 

where $stands for VO1, V is a matrix determined by R-matrix and M = V'V. The 
condition (8) can be derived from (6) and (7). However, the R-matrix based on Ai 
for n > 1 does not have crossing symmetry (7). The spin open chains, which correspond 
to such R-matrices, cannot be treated directly using Sklyanin's formalism and its 
generalization. 

Because the 2. symmetric solution of the QYBE is related to algebra A!,-l, to exploit 
the symmetric properties of the Belavin Z. x 2. symmetric model is helpful for solving 
the above open problem. We have recently shown [11] that the Belavin solution R of 
QYBE satisfies the following symmetries 
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P I z R I L u ) P ~ =  R:;h'(~) (9) 

RI2(u)R:$(-u) = p(u)id (10) 

R:;(u)R~;(-u -nw) =;(U, w)id. (11) 

The superscript hi denotes the Hermitian conjugation in the ith vector space and w is 
a new variable defined by 7 = w / n  +$+ r/2. It is obvious that the relations (9)-(11) 
are not equivalent with Sklyanin's assumption (1)-(4) and its generalization (5)-(8). 

In this paper, we extend their formalisms to the case .of the R-matrix satisfying 
(9)-(11) to find the Hamiltonian of the Belavin model with independent boundary 
conditions. Recently, Hou et al had shown [12] that the quantum group SL,(n) can 
be considered as a limit of the quantum symmetric algebra in the 2. xZ,, Belavin 
model, which is the generalized Skylanin algebra [13]. Hence, the formalism developed 
in this paper can be used to construct the Hamiltonian of the spin chain with quantum 
group SL,(n) symmetry. 

First of all, let us recall the fundamentals of the Z. x 2, Belavin model 121 and 
the major results in our paper 1111. 

The Boltzmann weight of the 2, x 2. Belavin model can be written as 

where t stands for Hermitian conjugation and 1:) acts on the subspace of the jth site, 
I CL = h"cg"2, h and g are the n x n matrices with elements 

(13) 

w is equal to exp (i2%/n). The Boltzmann coordinate W,(u) can be expressed in terms 
of the Jacobi theta function of rational characteristics (f+ a l / n ,  $+ a z / n )  

k h - g k + l  g. =6J S .  
j k -  j (modn) Jk Jk 

W,(u) is read as 

The Boltzmann weights satisfy the QYBE 

Riz(u -U)Ridu)R23(U) = Rz,(U)Ri3(u)Riz(u -0). (16) 

The R-matrix of the Belavin model satisfies the symmetries (9)-(11), in which the 



Befauin model with non-triuial boundary terms 299 I 

explicit expressions of the scalar functions are 

and 

where 

In the operator~representation, we can rewrite the QYBE (16) as 

R 1 2 ( ~ - ~ ) ~ ( ~ ) ~ ( u ) = ~ ( u ) ~ ( ~ ) R 1 2 ( ~ - u )  (19) 
by introducing an operator 

From equation (19), one can show that the quantum operator S, is the operator of 
the generalized Sklyanin algebra [13]. 

In order to construct the Hamiltonian with independent boundary condition, we 
have to extend the Sklyanin formalism to the case of an R-matrix satisfying the 
restrictive conditions (9)-(11). We introduce two generalized algebras T+ and T- 
which are defined by the following relations 

2 
(21) R , , ( ~ _ ) ~ - ( U , ) R : ; ~ ~ ( ~ + ) ~ - ( U ~ )  b = ~ - ( U 2 ) ~ 1 2 ( U + ) ~ - ( U 1 ) ~ : l ~ ( U _ )  

and 
R , ~ ( - u - ) ~ l ( u , ) R ~ ~ ( - u + - n w ) ~ z ( u ~ )  

where we have used the notation U, = u1 *U,. These algebras, especially T-, are the 
fundamental of our construction. Our goal 'is to find the solution of equations (21) 
and (22) for the R-matrix given by (12) and (IS). Cherednik's work [14] gives an 
important hint to solve the problem. Define a matrix YC(u) as 

2 1 
= T ~ ( u 2 ) R l , ( - u + - n w ) ~ ( u l ) R ~ ~ h z ( - u - )  (22) 

The matrix YC(u) satisfies~the normalized condition YC'(0) = 1. Using the properties of 
the Jacobi theta function, one can show that YC-(u) = X(u)YC(O) is a representation of 
the algebra T- and the mapping 

is isomorphic which gives 'a solution of equation (22). The proof of the above con- 
clusions is a direct but rather tedious calculation. Here we only give the key steps of 
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the proof. First, we substitute X J u )  into equation (21) and taking use of the formulas 
(8) and (10) in [14]. Second, we take the Hermitian conjugation of equation (21) and 
replace ui with -uj-nw/2. The calculation shows that X + ( u )  and YLL(u) defined as 
above give a representation of algebras T+ and T- respectively. It is pointed out that 
the existence of YL(u) means that of the solution of equations (21) and (22). If there 
exist inequivalent solutions, they correspond to spin chains with different boundary 
terms. 
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As usual, the monodromy matrix T(  U) is given by 

T ( u ) = L , ( u )  ..&(U) (25) 

L j ( u ) =  c W,(U)I,S$ (26) 

and the superscript j denotes the quantum space acted on by the operator S,. Using 
the QYBE (19) and X J u )  satisfying equation (21), one can find that 

T(u) = T(u)X-(u)T-'(-u) (27) 
isasolutionofequation (21).Intheproofofthis,therelationsLj(u)Lk(u)= Lk(u)Lj(u),  
j# k have been used. In the quantum inverse scattering method, the Hamiltonian of 
a system can be given by means of the transfer matrix. For the case of the open chain, 
we define the transfer matrix as 

where 

-a:, 

t ( u )  2 Tr YL+(u)T-(u). (28) 
By a suitable generalization of Sklyanin's arguments [7], it now follows that the f(u) 
forms a commutative family 

In order to prove equation (29), one can use equation (28) to rewrite 
t (u) t (  U) =Tr YL+(u)T-( U) Tr YL+( u)TY U) 

[ t (u) ,  t (u) l  =o. (29) 

= Tr,z $L+(u)h(u)YL: ( U ) & - ( U )  

= T r , * { S L g ( u ) ~ I ( u ) ~ ~ ( u )  $12(v ) } '~ '~  
where c, means complex conjugation in ith space. Now one can insert four R matrices 
using equations (10) and (11) and use the fact that T- and X+ satisfy the equations 
(21) and (22) to change the order of T- and X+: 

= t (u ) t (u ) .  

In the last step, we omit the calculation similar to second and third steps. 
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The quantum space, acted on by the operator S(", is isomorphic to the auxiliary 
space and, furthermore, the operator Lj(u)  coincides with the matrix R ( u )  on the 
direct product space of the quantum and auxiliary spaces, i.e. 

&(u)=R,(u). (30) 

We know from proposition 1 in [ll] that if Rjk(u)  is normalize& the value of it at 
U = 0 is the permutation operator. Differentiating t ( u )  with respect to U at U = 0, one 
can find the Hamiltonian of the open chain 

where 

q, jc1=  P,+,Rjj+l(U) L o .  (32) 

Substituting (12), (23) and St, into (31), we obtain the Hamiltonian of the Belavin 
model with independent boundary conditions 

where ( y ,  p )  = y , p 2 -  y2p,. It is worth pointing out that the Hamiltonian (33) generally 
is not Hermitian as in the case of periodic boundary conditions because the parameters 
T and w ( 7 )  are complex variables. For periodic case, the exact solution of the Z, 
Belavin model was found by Hou et Q/  [ 3 ]  and the eigenvalue of the Hamiltonian is . 
not real. Generally, when the argument T in the theta function approaches im and w 
is well 'defined in proper field, the Hamiltonian is Hermitian. This is hinted at by the 
works of Hou et al [12 ] ,  Pasquier and Saleur [SI. We will discuss this problem in 
detail and find the solution of the Hamiltonian (33) in a future paper. 

In conclusion, we have generalized Sklyanin's formalism for constructing integrable 
open chains to the case of anR-matrix satisfying (9)-(11). As a direct application of 
our extension, we have constructed the Hamiltonian of the open chain corresponding 
to the Belavin model. 
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